We complete the project begun by Callahan, Dean and Weeks to identify all knots whose complements are in the SnapPea census of hyperbolic manifolds with seven or fewer tetrahedra. Many of these "simple" hyperbolic knots have high crossing number. We also compute their Jones polynomials.
Introduction
Computer tabulation of knots, links and their invariants, such as the Jones polynomial, has led to many advances. For both practical and historical reasons, knots continue to be identified according to their crossing number, despite the difficulty to compute it. On the other hand, computer programs such as SnapPea [15] , which have been essential to investigate volume and other hyperbolic invariants of 3-manifolds, have become important tools to study knots via the geometry of their complements. One indication that these seemingly disparate invariants are strongly related is the remarkable conjecture that the colored Jones polynomials determine the hyperbolic volume of the knot complement [11] .
It is therefore natural to ask which knots have complements with the simplest hyperbolic geometry. In [1] , all hyperbolic knot complements with 6 or fewer tetrahedra were found, and the corresponding 72 knots were identified. Of the 4587 orientable one-cusped hyperbolic manifolds with at most seven ideal tetrahedra, 3388 have exactly seven tetrahedra, and completing this project has required additional techniques.
In an undergraduate summer project at Columbia University, Gerald Brant, Jonathan Levine, Eric Patterson and Rustam Salari followed [1] to determine which census manifolds are knot complements. Using Gromov and Thurston's 2π theorem, which has been recently sharpened in [9] , there are at most 12 Dehn fillings, all on short filling curves, which can result in S 3 from any 1-cusped hyperbolic manifold.
Our computer program, which used SnapPea to simplify the fundamental group, immediately identified 128 knot complements in the census. Another 150 census manifolds had fillings with trivial first homology, but SnapPea could not simplify their fundamental groups. We used Testisom [6] to show that 148 of these were nontrivial. Of the remaining two census manifolds, v220 turned out to be a knot complement. For the final manifold in doubt, (0, 1)-filling on v312, Snap [4] was used to compute the base orbifold for a flat structure: it is Seifert fibered with 3 singular fibers over a sphere, and hence not S 3 . This left us with 129 complements of knots in a homotopy 3-sphere.
To find the corresponding knots in S 3 , we first searched through the computer tabulation of knots up to 16 crossings, provided to us in an electronic file by Morwen Thistlethwaite. Using this vast tabulation, which is also available via the program Knotscape [7] , we found 32 knots.
We then ran programs for several weeks to compute geometric invariants of twisted torus knots. The twisted torus knot T (p, q, r, s) is obtained by performing s full twists on r parallel strands of a (p, q) torus knot, where p and q are coprime and 1 < r < p (see [1] ). We denote the mirror image of T (p, q, r, s) by T (p, −q, r, −s). These are easily expressed as closed braids, and we computed their complements using Nathan Dunfield's python addition to SnapPea for closed braids [2] . In this way, we found 72 more knots.
Knots for the remaining 25 complements were obtained as follows. Snap and SnapPea have a library of links with up to ten crossings. We ran a program to compute Dehn fillings on (n − 1)-component sublinks of these n-component links to find matches with the given knot complements. As a result of the surgery, the last component becomes knotted, and the given manifold is its complement. We found such surgery descriptions for 17 knot complements.
For the last 8 complements, we drilled out shortest geodesics in each manifold and searched for any link L in S 3 whose complement is isometric. The knot complement can then be expressed in terms of Dehn surgery on an (n − 1)-component sublink of L. Again, Morwen Thistlethwaite provided tabulation data which proved essential to find many of these links. In several instances, we found SnapPea's bootstrapping manifolds, which are link complements used to compute the Chern-Simons invariant. To match surgery coefficients with the components of the (n − 1)-component sublink, we took advantage of a feature in Snap that keeps track of how the surgery coefficients change when given several equivalent surgery presentations.
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Generalized twisted torus knots
In this section we describe a generalization of twisted torus knots described in [1] . As motivation for generalizing twisted torus knots we illustrate a procedure to generate knots with high crossing number but whose complement has low volume.
Let M be a hyperbolic 3-manifold with n-cusps. Let M (p 1 , q 1 ) . . . (p n , q n ) denote the hyperbolic 3-manifold obtained by (p i , q i )-filling the i-th cusp. Then it follows from work of Jorgensen and Thurston that vol(M (p 1 , q 1 ) . . . (p n , q n )) < vol(M )
In particular, a knot obtained by ±1/n filling on an unknotted component of a two component link will have high crossing number but volume bounded by the volume of the link complement, for example see Figure 1 . Similar ideas are used in [8] to obtain relations between a knot diagram and the volume. Figure 2 . Many twisted torus knots are hyperbolic and have interesting properties, especially small Seifert firbered surgeries [1] . We generalize twisted torus knots in two ways:
(1) Let r > p by increasing the number of strands with Markov moves in the braid representation of the torus knot and then adding the s twists on the r strands. See Figure 3 . (2) Twist more than one group of strands. See Figure 4 .
A knot obtained from a torus knot by a combination of the above moves is called a generalized twisted torus knot. It would be interesting to study more properties of generalized twisted torus knots and ways in which they are similar to twisted torus knots. We have generalized twisted torus knot descriptions for some knots in our census, for example see Figure 5 .
Kirby Calculus
We use Kirby calculus on framed links to describe the remaining 25 knots which were not found by searching through Thistlethwaite's knot census or as twisted torus knots. The first step was to obtain a description of each knot complement as surgery on a framed link.
We follow [14] and [3] for Kirby Calculus. As an easy consequence of the Kirby moves let us describe some propositions which we use in our computations.
Trefoil
Markov move Two right twists on 3 strands The case with linking number 2 is described below.
Proposition 2. Assume a component of the link has linking number 2 with an unknot with framing ±1. Then the unknot can be deleted with the effect of giving the arcs a full left/right twist and changing the framings by adding ∓4. See Figure 7 .
Another useful move which deals with rational framings is the slam-dunk, whose dynamic name is due to T. Cochran. Example. In Figure 9 , we give an example of our technique for the knot corresponding the census manifold v656. The knot is obtained starting with a surgery description of v656 (the first picture in Figure 9 ) and reducing components of the link using the propositions described above. The surgery description is obtained by drilling out shortest geodesics from v656 until the complement is isometric to a link complement with unknotted components. In this case, the link is 8 3 8 in Rolfsen's table [13] . We expand 2/7 as the following continued fraction:
Using the slam-dunk move above we can blow up to get integer surgery and carry out the computation as shown in Figure 9 .
Tables
We follow [1] for our notation and convention. Table 1 gives a list of knots whose complements can be decomposed into 7 ideal hyperbolic tetrahedra. We use the notation k7 m to indicate the m th knot in the list of knots made from 7 tetrahedra. These knots are sorted in increasing volume. When there are multiple knots with the same volume we then sort by decreasing length of systole, the shortest closed geodesic in the complement. For example the knots k7 95 and k7 96 have the same volume but the knot k7 95 has a longer systole and hence is listed earlier even though its number in SnapPea's census is higher.
In Tables 2 and 3 , we include the Jones polynomial for all knots, including knots in [1] . A glance at these polynomials reveals how strikingly small they are compared with Jones polynomials of knots in tables organized by crossing number. Extreme examples are k7 3 , k7 4 , k7 22 , k7 23 , whose polynomial spans are between 29 and 32, but whose non-zero coefficients are all ±1 with absolute sum equal to 7. The span of the Jones polynomial gives a lower bound for the crossing number, with equality if the knot is alternating. The Jones polynomial with the largest coefficient average (about 2.64) is that of k7 103 , a 10-crossing knot. The Jones polynomial detects chirality, so with help from Nathan Dunfield's python addition to SnapPea, we have distinguished each knot from its mirror image according to the orientation of the census manifold in SnapPea. (In [1] , knots are given only up to mirror image.) The mirror image of T(p,q,r,s) is denoted by T(p,-q,r,-s). The Jones polynomials for k7 61 and k7 106 were computed by M. Ochiai using K2K version 1 3 1 [12] . The Jones polynomials for k7 19 and k7 124 were computed using knot diagram simplified by Rob Scharein. Computing limitations left open the Jones polynomials for three knots.
In Table 4 we provide the Dowker-Thistlethwaite codes for the all the knots which do not have a twisted torus knot description. These are the knots described as "See Below" and the knots C k , Ca k and Cn k in Table 1 .
Here is a brief description of the table columns:
OC: : (old census) This gives the number of manifold as in [5] . This nomenclature is also used in SnapPea.
Volume: : This is the hyperbolic volume of knot complement. C-S: : This is the Chern-Simons invariant of the knot complement. It is well defined for cusped hyperbolic 3-manifolds modulo 1/2. See [10] . Sym: : This is the group of isometries of the knot complement. In the table Z 2 denotes the cyclic group of order 2 and D 2 denotes the dihedral group of order 4. Note that we do not get any other symmetry groups. SG: : This is the length of the systole (shortest closed geodesic) in the knot complement. Description: : Here we give a possible description of the knot as either a twisted torus knot or a knot in Rolfsen tables with 10 or fewer crossings or Thistlethwaite tables from 11 to 16 crossings. An entry of the form C k for C ≤ 10 indicates the k th knot of C crossings in Rolfsen tables for knots with 10 or fewer crossings ( [13] ). An entry of the form Ca k (respectively Cn k ) for 11 ≤ C ≤ 16 indicates the k th alternating (respectively non-alternating) knot in Thistlethwaite's census of knots up to 16 crossings. An entry of the form T (p, q, r, s) indicates a twisted torus knot as explained in section 2.
The remaining knots were obtained by Kirby calculus on links with unknotted components. Some of these have generalized twisted torus knot descriptions as explained in section 2. Degree: : The first integer gives the lowest degree and the second integer gives the highest degree of the Jones polynomial. Jones polynomial: : An entry of the form (n, m) and a 0 + a 1 + . . . + a n−m corresponds to the polynomial a 0 t n + a 1 t n+1 + . . . + a n−m t m . C: : This gives the number of crossings of the knot. When the knot is from Rolfsen's tables or Thistlethwaite's tables this is the minimal crossing number of the knot. For other knots this may not be the minimal crossing number. DT code: : This is the Dowker-Thistlethwaite code for the knot. 
+1+0+0+0-1+1-1+1 k5 14 (11, 25) +1+0+1+0+1-1+1-1+0+0-1+1-2+2-1 k5 15 (12, 24) +1+0+1+0+1-1+1-1+0+0+0+0-1 k5 16 (16, 33) +1+0+1+0+1+0+0+0+0-1+0+0-1+1-1+1-2+1 k5 17 (18, 37) +1+0+1+0+1+0+0+0+0+0-1+1-2+1-1+0+0-1+2-1 k5 18 (16, 35) +1+0+1+0+1-1+1-1+1-1+1-1+0+0-1+1-2+2-2+1 k5 19 (-1, 5) +1-1+2-2+2-2+1 k5 20 (2, 9) +1-1+2-2+3-2+1-1
(-59, -31) +1-1+0+0-1+1-1+1+0+0+0+0-1+0-1+0-1+0+0+0+0+0+1+0+1+0+1+0+1 (-10, -2) -1+1-1+1+0+0+0+0+1 k6 9 (-8, 2) +1-1+1-1+0+0+0+0+0+0+1 k6 10 (1, 9) +1-1+1+0+0+1-1+1-1 (7, 18) +1+0+1+0+0+0+0-1+1-1+1-1 k6 39 (13, 29) +1+0+1+0+1 10 (2, 13) 1+0+0+0+0+0+0+0+1-1+1-1 k7 11 (-2, 11) 1+0+0+0+0+0+0+0+0+0-1+1-1+1 k7 12 (23, 45) +1+0+1+0+1+0+1+0+0+0-1+0-1+0-1+0+0+0+0+0+0-1+1 k7 13 (-64, -34) -1+1+0+0+0+0+0+0+0+0+0+0+0-1+0-1+0-1+0+0+0+0+0+0+1+0+1+0+1+0+1 k7 14 (-68, -36) +1-2+1-1+1+0+0+0+0+0+0+0+0+0+0-1+0-1+0-1+0-1+1-1+1+0+1+0+1+0+1+0+1 k7 15 (
(33, 63) +1+0+1+0+1+0+0+0+0+0+0+0+0+0+0+0+0-0+0-1+0-1+0+0+0+0+0+0+0-1+1 k7 23 (33, 64) +1+0+1+0+1+0+0+0+0+0+0+0+0+0+0+0+0+0-1+0-1+0+0+0+0+0+0+0+0+0+1-1 (1, 12) 
Degree
Jones polynomial k7 109 (-47, -23) -1+1+1-1+1-1+1-2+1-1+0-1+1-2+1-1+1-1+1+0+1+0+1+0+1 k7 110 (12, 28) 1+0+1+0+1-1+1-1+0+0-1+1-2+2-1+1-1 k7 111 (-57, -30) +1-1+0-1+0+0+0+1+0+0+0+0-1+0-1+0-1+0+0+0+0+1+0+1+0+1+0+1 k7 112 (26, 51) +1+0+1+0+1+0+1-1+1-1+1-2+1-1+0-1+1-1+0+1-2+2-2+3-3+1 k7 113 (7, 18) +1+0+1+0+1-2+2-3+3-3+2-1 k7 114 (0, 9) +1+0+1+0-1+0-1+1-1+1 k7 115 (14, 31) 1+0+1+0+1-1+1-1+0+0+0+0+0-1+1-2+2-1 k7 116 (-10, 1) -1+1-1+1+0+1-1+1-1+1-1+1 k7 117 (-3, 6) -1+1-1+2+0+0+1-1+1-1 k7 118 (7, 18) 1+0+1+0+1-1+1-3+2-2+2-1 k7 119 (15, 34) 1+0+1+0+1-1+1-1+1-1+1-1+0+0-1+1-2+1-1+1 k7 120 (2, 9) 1-1+3-3+3-3+2-1 k7 121 (-6, -1) -1+1-1+2-1+1 k7 122 (-32, -15) +1-2+2-2+1-1+0+0-1+0+0+0+0+1+0+1+0 k7 123 (44, 84) +1+0+1+0+1+0+1-1+1-1+1-1+1-1+1-1+1-1+0+0+0-1+0+0-1+0+0+0+0+0+0-1+1+0+0+0-1+2-2+2-1 k7 124 (8, 19) +1+0+1+0+1-2+2-3+3-3+3-2 k7 125 (0, 9) 2-1+1-1+0+0-1+1-1+1 k7 126 (-41, -19) +1-2+2-2+1-1+0+0+0+0+0-1+1-1+1-1+1-1+1+0+1+0+1 k7 127 (-7, -1) +1-2+2-3+3-2+2 k7 128 (-5, 4) 1-1+1-1+0+1-1+1-1+1 k7 129 (-4, 8)
-1+2-2+2-1+1-1+1+0+1-1+1-1 
